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APPENDIX No. 21. 

o~ THE THEORY OF ERRORS OF OBSERVATlO~s. DY ASSISTA~T c. fi. PEIRCE. 

Tile object of this paper is to gl\-e a general account of the theory of errors of olmer\-ations, 
with the desi;:;n of showirig w·hat the limitations to the applicability of the method of least S'J.Uares 
are, and what course is to be pursuell wheu that method fails. \Ve shall begiu with au elementary 
account of the general principles of the subject, in order to 8tate them with a little more accuracy 
tlrnn is commonly done. 

The notation employetl is one which has Leen snggested by tlte stuuy of the logic of relations. 
Small Roman letters will denote objects partly indeterminate. Thus Ill may denote a man, without 
saying what man. Small Italics will be used for relatirn terms; thus l may denote a lover. The 
correlates of such re la ti rn terms will be written after them on the same line; thus t m or l m may 
denote a tootlt of a man or a lover of a man, if m denotes man, ta tooth of aml l a lo>er of some­
thing undetermined. Then, l 11· will denote a loYer of a woman, it being indeterminate what lo>er 
and what woman. t l w will denote a tooth of a lover of a woman. If we wish to denote that which 
ls a lo,·er of all women, \Hl must ha\'e a symbol to denote all women. As [x J is commonly used in 
the method of least squares to denote the sum of all the quantities x, so we may write [IV J to denote 
all women, anu then 1 f w] will uenote something which il:l a lo>er of all women, or we may write the 
~ame thing thus, 1~·. .A. re1afrvc term has a double indeterminacy, being indetenninate in reference to 
the relate and also in reference to the correlate. A lonr may be this lo Yer, that lover, or the other loYer, 
and eacll of these may be lo"Verof this, or that, or :he other. Corresponding, therefore, to the [l], which 

denotes all lovers, we may write { l} to denoh! the lo\'t>r to whomeYer he is a lover. Thus, { l } w 

will denote a loYer of nothing but women, or we may write' the same thing thus, 'l'I'. \\~c may 
denote "loved by'' by K'. 

Corresponding to any absolute term, as man, there is a relative term, " mau that itlt as in the 
expression " a man that is rich." I shall denote a relative of this sort by the symbol for the abso· 
lute term, wiLh an im·ertcd comma after it, as m,. Thus, if b denotes anything black, m, b will 
denote a man that is black. 

Let V be the relative "a general name which is applieable to.'' TllUs, 17 m will denote a gen­
eral term which is applicable to some man. ym will denote a general term which is applicable to 
every man. vm, V" will be a general term which is applicalile to every man and to every woman. 
K V [ vm, V"] will denote that to which every general term is applicable which is applicable to 
every man and to every woman; in other words, this denotes either a man or a. woman. I shall 
write this for short m +. w. 

Zero is defined by the general equation x +. 0 = .r, whahwer x may be. Then, zero generally 
denotes nothing. 

Unity is defined !Jy the general equation x, 1 = x, whatever x may be, and then 1 generally 
will denote anything. 

But 1 and 0 have sometimes to be interpreted al:l relative terms. Now, it can lJe proved by the 
Jlrinciples of the logic of relatives that so considered ox = o, unless x = o, when o0 = 1; and that 
l x =1, unless x = o, when 10 = 0. It follows that ox is such a logical functio1111< of x that it signi­
:fie.s "the case of the non-existence of.'' while 1x is such a logical function of x that it signifies "tha 
case of the existence of." 

•.A mathematical function of x, such as rpx, is something whose value is obtained by mathematical processes when 
xis given. A logical function of x, of which we haYe,as common examples, letters with a subscript x, as P,, is something 
whose signification is logically deducible when thil signification of x is known . 
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Since [ m] deuotcs all ruc11, we may naturally write q*] to <1enote what all men become when that 

factor is removed wl1ich rna kes [ m J refer to men rather than to an;ytliing else; that is to say, to de­

note the number of men_ "· e nrny write this for short [ m J \Yith !Jea Yy brackets_. Tllen t being 

a relative term,(" a tooth of,") b_\- [ t 1 J will be lll'noted the total number of teeth in the uni\-erse. 

But [t] will he useu as eqnh-alent to [h]J, or Uie a\·erage nnmber of teeth that ansthi11g J1:ts· 

But" anything" is not to be taken here in an absolute seni"e. \Ye nlways limit our cousidPrntimrn 
entirely to a certain class. As De 1\forgan expresses it, 'l'l"C alway>; ha n?· a limited uni n•rse. \Yheu 
we reckon up tlle number of all things to find the average numhPr of teeth Jll'I' thing, it \Youl<l lit' 
absurd to count among things tl1e Yirtues, shades of color, dayR or r,;pcomls of time. Ansthi11g 
wliich belongs to the limited unh-erse un<ler consideration is calleu, in tLe theory of pro1mbilitit>s, a11 

ei•ent. Au expres1>ion like [~],where t is a relative term, is termed a relative nnmlwr, aYl'!'age 

nmnber, or probable number. If the relath-e term to whiel1 the average numhei· refers is one of 
those relatiYes which are formed hy adding a comma to the symbol for au absolute term, as m, then 

the relatirn number is called api·obability. For examplt•, [m,] is the a\-en1ge 1mmbcr of men 

that anything is, but it is usually called the probabilit.v that anything is a man. 
The importance of average numbers arises from tlle fact that all our knowledge reall,\ conRists 

of nothing but aYerage nurn bers; for all our knowledge is derivetl from induction, and its analogu<', 
hypothesis. Now, the scientific conduct of this kiuu of reasoning is highly complex, because all 
so.rts of precautions have to be attended to, and it has to be accompanied by a great deal of de­
duction. But the general nature of induction is everywbere the same, and is complete]~· t~·pified 
in the following example. From a bag of mixed black and white beaus I take out a hamlful, aud 
count the number of l1lack and the nnmuer of whitP heans, and I assume tl1at t11e black and white 
are nearly in the same ratio throughout the bag. If I am in error in this conclusion, it is au errm" 
which a repetition of the same process must tend to rectif.,-, It is, therefore, a valid inference. 
But it clearly teaches me nothing in reference to the color of any particular bean, Of tltat I am 
as ignorant as before. The case is not in the least altered if I find all the beans of my hamlful to 
be black, or all to be white. I can still infer only the approximate general ratio, antl it is only this 
I express when I say the obsenation makes the probability of any oue bean being white or being· 
black ,1ery great; for a probability is itself only an average number. At first thought it is hard 
to admit this; but the difficulty will be in great measure removed if we consider how it is that 
the knowledge of average numbers becomes useful in particular cases. 8uppose we know the rel­
ative numher of black beans in a certain bag; then, if we draw a large number of beans out of it, 
we know that the total number of black beaus we sliall uraw will be e<!lrnl to the number of draw­
ings multiplied b;y the average number of beans in tlie bag. Suppose we know the relative num­
bers of black beans in a large number of bagg, containing different proportions; then, if the beaus 
are well mixed up in each, we may only draw tt single bean f'rmp each, and yet we can predict n<'arly 
the total number of Llack beans which would be drawn b~· simply taking the sum of the relatirn 
numbers. If the black beaus had a value while the white ones were worthlesR, then the total 
uumber of JJlack beans wl1ieh would he drawn would br. the im1)ortant tl1ing to kno"·· 13ut as 
knowledge derives its practical importance from its influence upon our conduct~ let us snppose that 
at every drawing we have our choice between two bags to draw from; then the man who knew the 
relative number of black beans in every l..Jag would act in e,·cry case as though the bean be woultl 
draw from the bag which contained the larger proportion of black ones were known to he black, 
atid as though the bean he woulu draw from the other were certainly white- Strictly speaking, he 
would know nothing about the beans that would he drawn in the particular case, but he would 
have a knowledge which would be so far equivalent to that that it woulu influence his eomluct in 

H. Ex. 112--26 

• 



 

202 REPORT OF THE SUPERINTENDENT OF 

the particular case. This is the only knowledge we ever have., a knowledge of what assumption 
to make in the particular case in order to do the best in the long run. 'Vhenever, then, we ha>e 
to do with a value, tlie sam-t-0tal of whicb in the Jong ran is the only thing which concerns \1s, the 
average amount of it is important to be known; lmt in all other cases the a>"erage numbers arn of 
no consequence. 

It i11 evident tlrn.t in the example just giYen it \nmld be a valna \Jlp, increase -0f knowledge to 
know, for instance, what the difference in the relatiYc number of black beans at the top and bottom 
of a bag was, and any limitation of the" universe" used which should separate a relative nurnbPr 
into two different ones vrnuld be advantageous. 

There are ruauy problems in probabilities, which, being soh-ed, girn a relath-e number com­
posed of two terms, one known and the other nulrnown. Such an indeterminate result sbows that 
a wider" universe" must be adopted for one of the t.erms of the relative number. 

The fundamental arithmetical foTmulm relating to relatiYe numbers are as follows: 
\Ye have seen that the relative number of things that arc men, or the prnbabilit;r that a thing 

is a man, is e(]Ual to [[i /] . ny "thing" here is meant any object of our limited uni>crse, as, 

for example, an animal. But we may wish to consider .the relative number of animals that are 
men when our limited universe is a wider clm1s than animal. In this case, a. denoting an animal, 

we write this probabilit.y [ l~ t]. Let us suppos~ that, our uniYerse being "day," we wish to know 

the probability that if it thunders on any day it will rain on that day. To say that if it thunders 
it will rain on the same day is the same as to say that eYery day on which it thunders is a day on 
which it rains. Then let t be a day on which it thunders all(1 r a day on which it rains, and the 

probability in question is l t[tJ l. In general, the probability that if one eYent happens another 

will happen is equal to the probabiJity that both will happen, diYided hy the probability that the 
first will happen. 

Let us now see how to express the probability that a certain quantity will have a certain 
value. It is clearly implied that the quantit;y is defined in some other way than by its value. It 

· might be, for instance, the length of time a bird will be on wing. Let x be tbis quantity, and let n 

be auy definite value. Then [ l~l l, or the number of cases in "·hich the time a bird is flying has 

that value, divided by the whole number of cases of a bird's flying, is the probability that a bird 
will fly for that length of time. But since time is continuous, the length of time a bird may be 
up may have an infinite number of different values. Consequently, the probability of any one is 
zt.'TO. vVe, therefore, seek the probability that the time lies between n and n + 6 n; and if 6 n 
is infinitesimal, (say d n,) then the probability is proportional to d n. "We may, therefore, write this 
probability thus, [nx ] d n. Here nx denotes the case of the value of x being about n. 

The probability that if one quantity, x, bas a value lying between m and m + d m, then 
another quantity, y, has a value lying between n and n + d n, will, according to what bas been said, 
be equal to the probability that both x and y will have the supposed values, divided by the proba-

bility that xwill have the supposed value, or will he [m x:[::]: :· d n~or, since tbed nidisappeared 

. [m x, n ,j d 
bycancellat10n, . -rm~r . n. . 

Given, the probability of A, the probability of B, and the probability that if A happens, B 
happens. Required, the iirobability that if B happens, A happen~. 

The probability of A is [A]. 

The probability of Bis [BJ. 

The probability that if A then Bis l1Af1 
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The probability that if B then A. is f ~,B~ J. 
Then we have-

rA, BJ [A, BJ 
-[Bf-= [A]- x [A.] +[BJ 

203 

or the probability, if B happens that A happens, is equal to the probability if A happens that B 
lrnppens, multiplied by the probability of A. and diYided by the probability of B. 

We now pa.ss to the theory of observations. An obseffation gives us the "Value of a cer­
tain quantity which is connected with au unknown quantity in such a way as to be partly depend­
ent on the latter value, and partly m1 acci1lental circumstances, not capable of being separate].)' 
taken account of. 

These accidental variations are, however, in all cases subject to a statistical law, so tl1at (obser­
vations of a certain ldnd forming the limited universe, X being the unknown quantity, s the quan­
tity observed) the quantity, 

[~S,~.T2J tl= 
[ xxJ . ' 

or the probability that if the unk11own quantity X has a certain value x, then the obser\'ed quan­
tity Swill have a value between t and t + dt, is a. certain arithmetical function of the rnlnes !; and 
x. If we write " for !; - x, or the error of observation, then we may put 'i' for such a function that-

[ t.=, x,J _ (- ) r:rxl- - 'f ., x 

The special form of the fuuetion er is called the law of the facility of the errors. Except so far 
as this law is known, an observation can afford us no information whatever. The following conlli­
tions are inrnriably fulfilled by this function. (It must be understood that only rcnl quantities 
are considered.) 

1. It has but one valne for each set of values of its variables. 
2. Its value is always positive and less than unit;y. 
3. It vanishes when 'is infinite. 
4. Its integral relati>ely to 'from - co to + cc is always uuit,y. 
Beyond this the form of the function is determined by the peculiarities of the kind of ob~cr­

vations. 
The probability that if the obseryed quantity S has the ,-aluc !, then the unknown rpia11tity X 

has the value x is-
l~x,_i;S'] dx 
[tS) 

The value of this probability is for any particular kind of obsen-ations an arithmetical fuuction 
of e and~, which we ma.y write I./' (e, ~)de. 

The probability that the unknown quantity X has the value x without reference to obsen·a­
tion is [xx]dx. This is in any case a function of x, which may be written IJ'x . dv. 

The probability that the quantity gi>en by observation S has the value ~, without refereuce to 
the value of the unknown quantity, is [t.3'] d;. This an arithmetical function of ;, which ma;v I.Jc 
<P~ • d;. 

If <I>;, IJ'x, and p (e,x) are given, then we can obtain 91 (e, !;) thus: 

"' (e !::) - f__{e12_) qr.~ 
~ '. - <J>; .., 

Suppose a number of independent observations to be malle. Then we shall ham a seriei; of 
functions-

11'1 ( '1, x) <[JI ;I 

r2(e2,x) rfi2 tz 
'f3 (e3, x) t/J3 ~3 

&c. &c. 
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then the probability that if the quantities observe<l h~we the values ; 1 , ; 2 , ~3 , &c., the unknown 
quantity X has tho value x will be-

IJ"x ~1 (e_r_• x). 'i'i (l;z, x) '!'3 (03, x) ~c 
• IP1 ~1 IPz ~2 113 ~3 ' ~ '• 

or-

The probability 1Fx. d.r antecedent to all obser,·ations will be simply dx, and, therefore, the' 
factor irx may lie omitted in the abo>e expression. 

It will be pcrcei>ed that obsernition nm-er gh-es us to kuow a number expressing the value of 
the unknown t]Uantity, but only a function expressing the vrobability of each value. It happens, 
however, in a very comprehensi>e case, that this function assumes a form which involves but two 
constants, so that in this case observation may be said to give us two numbers, a value for tlle 
unknown quantity, and the probable error of that value. 

~Ir. Crofton's method of considering this ca~e seems to me to make it more co1111irehensible 
than any other. Suppose that the unknown quantity X has been observed twice, the values given 
by obserrntion Leiug .;-1 and ,;2• Pnt [ .;- ] for .;-1 + ;2. ·what then is the probability that if x is 
the value of x, the sum of the Yalnes given by tlle two obserrntions will be r ;]. It is clearly-

+ co 

f n (<1, x). <pz ([c] - E1, a;). dz1 
- c,0 / 

Developing y"2 ( [ e] - E1, x) by powers of £ 1 , this integral becomes­

+ co 

'f2([cJ,x)-<p2'([,], x) JEi'f1(:1, x).cl21 
- CC• 

+ oc 

+ ~ \!'/1 
( [ E ], X) J~ 21

2 'fl ( £1) X) • d £1 

-00 

.+ 00 

+ ·~· 'f2
111 

( [SJ, X) f •13 'fl (•1, X) . d EJ - &C. 
-co 

If in Jllace of two we haven obsenations, the probability that the sum of all will be [.;-] is-

+ m +co 
"~: ( 1 - J '1 'l'i (•;, x). Di+~ J l1 'Pi (e;, x). D2ei- &c-) 'f n (I c ], x) 

-oo -oo 
Of these co-efficients-

- co 

is the probable or mean value of the error of the observed quantity­

+= 
, n.f °'z <p,~( "" x) 
-cc 
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is half the probable value of the square of this error, and so on. The probable value of the error 
is often less than the probable rnlue of its square, owing to positiYe and negative errors balancing. 
But the co-efficients which involYe the cube and higher powers of the error may often become in­
significant. Tllis, for example, will be the case if n is very great; for then, in comparison with the 
sum of all the errors, tlrn value of any one will be Yery small. In fact, in tllis case we ma;\- ll('g­
lcct a 'luantity a certain number of times, say 1ll, larger tlrnu what we coultl nPglect hefore, an<l 
may take a unit of measurement M times larger. Tlicn if-

he tlie prolmble Yalue of the error, the error square, t11e enor cube, &:c., on the oltl scale of meas­
ures, their numerical Yalues on the new scale "\Yill be-

[ e J, ~l I~l, &c . 
.:\1 l\P l\P 

Uouseqnently if l\I is sufficientl_y large, the higher co-efficients may be neglt>cted. It also frequently 
happens that the error of each obse1Tation is line to the combined effect of a great number of in­
dependent or nearly independent causes, each one of which alone would produce but au iusiguifi­
cant effect. In this case, by the same reasoning the higher co-efficients will disappear. 

The manner in which sensation au<l Yolition are propagated through the nerve.sis unknown. 
but it must be b;\· some Yer~· complicated process, because it is Yery slow compared with the 1·ate. of 
propagation of sound. [tis, therefore, probable that there may be .-ariatious of the rate of passage, 
aud that the Yclocity through each small portion of the whole lengU1 of tl1e 1wrn· is to some extent 
independent of the velocity through the other parts. If this iR so, the wliole time of propagation 
would be su~ject to a va.riation, the probable values of whose cube and higher powers would he 

·insignificant. However this may be, it appears to be a fact that in all carefully-made obserYations, 
the error of which is due to the ine,itable inaccurac~· of the action of the human nerrns, the iirob­
able yalues of the culJe, &c., of the errors are very small. 

\Vhenever these quantities disappear it can be proved by au aual_y!ical proce,;s whicli neetl 
uot be reproduced here that-

where hand E are quantities which t:lepeml upon x. We thus reach the fundamental formula of 
the method of least squares. 

It is not the object of this paper to explain that method itself. Only it may be remarked that 
in the deduction of it which is usuall_y given, it is assumed that what we wish to obtain from observa­
tions in any case (wbetlier the method of least squares is applicable or not) is the most probable value 
of the unknown quantity. This is not the case, for there is but an infinitesimal probability in favor 
of any one value. Suppose that the cause of error in obserYing the place of a star were a nearly 
simple oscillation of the image about its mean point. Then the most probable errors would be tlte 
extreme ones. But we should much prefer to assume as the Yalue the probable or mean value 
than the most probable value, which would be removed the furthest possible from that value. The 
conception of the matter is this. '\\'hat observation has to teach us is a function, ,,, (e, ;-), not a 
mere number. Bnt in cases to which the method of least squares is applicable, this function is 
completely determined by two numbers, which are the value of the unknown quantity deri\eu from 
the application of that method and the value of its probable error.* 

It is assumed in treatises on least squares that fJJ~. M, or the probability (without regard to 
the value of the unknown quantity) that the quantity observed will have a value between t; and 
t; + d~, is equal to dt;. ·when this is not the case it is only ncccssars to weight each observation 
by dividing by !Pt;. 

" The term probable error is here used in its usual but unanalogical sense, and not for the probablll value of the 
error, which is always assumed to be zero in least squares, or else determined by some special research. 
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If the probability of error .does not follow that law which the method of least squa,res sup­
poses, that is to say, if the probability of the error x: in the mean of a large number of observations 

is not equal to Ja 6-·h' x•, where his a constant imlepemlent of x, then it must at least be of this 

form if h be considered to be a function of x. Now, h2 is the weight which has to be assigned to 
au observation in the application of the method of least squares; and therefore when this metl10d 
uoes not apply in its unmodified form, it is only necessary to finu what function of x, h must be in 
order to gh·e tlie rer1uiretl law of facility of errors, arnl then proceed acemding tu the method of 
least squares, after having weighted each obsen·ation by h2• Let the equation which represents -, 
the facility of error be plotted, the error being taken as abcis&m, and the probauility of that 

error as ordinate; then plot on the same diagram tbe curn y = ~lo 6-x'. Let ns suppose, then, 

that a certain >alue of x, y, is A times as great for the actual curve of en-ors as it is for the normal 
least-squares curve. Now, if h be increased in the ratio A, the ordinates will be iucreased in this 
same ratio, and the abcissm will be diminished in the inYerse ratio so that the area of the curve 
is preserved. But if the onlinates at an:y one point arc to be increased in the ratio A, then the 
abcisRre at that point must be contracted in the itn-crsc ratio, so as to preserve the area; so that 

i( we had a function f x such that D , f x = ~' tlteu thr probalJilit_y of this function of tlte error 

would follow the law :r = 7a s-(fx)' ' aud conseqnrutly (0 -;:
1 

fx)" is the weight which has to be 

assigned to any such obserYation in applying the method of least squares. It will he ouserved 
that since the weight depeuds on tlie va.Iue of the error, it will be neeessary first to mnke an approx­
imate solution of the problem in order to get an approximate \'<tlue of the error from which to 
clctermine the weiglit, so that when the method of least 8quares iH not applica hie in its unmotlified 
form, an approximate method must necessarily be resorted to. 

Let us now proceed to consicler the method of ascertaioi11g the law of facility of erroL Iu 
any case, 'if the error is compounded of an infinite number of infiuitely small errors, or approximates 
to being so, then the law of facility of errors is of that general form which the method of least 
squares prescribes, and nothing remains intletermiuate excepting the value of h. Observation has 
sufficiently shown that in transit-observations the law of error is of this sort. I copy, for example, 
from Chauvenet's Astronomy the following table, taken from Bessel's" Fuudamenta Astrouorniru," 
showing the errors made by Bradley in ouserying Sirius aud Procyon : 

I 

I No. of errors I No. of errorR 
Between- by the theory. / i.y cxpCl'icncc. 

I 

I 

0. 0 and 0.1 % I !)4_ 

0.1 and 0. 2 8~J flS 

0. 2 and 0.3 78 78 

0.3 and 0.4 (i4 f>8 

0. 4 and 0.5 r,o (ll 

0.5 :md 0.6 3G 36 

0. 6 and 0. 7 24 2G 
0. 7 and 0.8 l:J 14 

0. Band 0.9 !I 10 

0. U and 1. 0 5 7 

Over 1. 0 r; 8 

Fechner, in his "Elemente <ler Psychophysik," has, in connection with his psychophysical law, 
discussed the applicability of the method to cases of sensation genera1ly such as the estimate of the 
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relative weights of two masses, aucl he finds that if Y I.Jc the energ,y of the force which produces 
the excitation of any nerve, then if log v be considered as the observed quantity, the errors of the 
ol.Jserved quantity wi11 follow the law of least squares. Strictly speaking, the law of least squares 
recognizes the possibility of any error positive or negatiYe, however great, although the probability 
of indefinitely great errors \Till be iuclefiuitefy small. It occurred to me that in the case of the 
emersion of a star from an occnltation, siuce it was impossible to strike the chronograph-key too 
early, while it might be struck imlefmitely too fate, the law of least squares could hardly apply, 
and I have made some experiments upon this point, whieh I will narrate in detail at the end of this 
paper, merely remarking in this plaee that tlrn diyergem:11 from tile theoretical law proved to be 
insignificant. On tlic other hand, there arc many cases in which we have no reason to expect that 
the errors will~Yary accordiug to tlte least-squares curYe. Let us consiller, for example, a chemical 
analyAis. Here tlte error iR generally not due to the combine\1 action of a yery great number of 
very small causes, but, on the contrary, there are generally two or three lca\ling causes of error, 
depeniling upon some defect in the theory of the analysis or on some error in the manipulation, 
which is likel;y to result from a single one, such as cannot be regarded as in any way compmmded 
of a large number of irn1epBm1tmt parts. Tlms, a drop may be spilled or a portion thrown out of 
the crucible too sma!l to be detectetl, but the whole drop is spilled at once, or the whole portion 
goes at once. In Yery exact analysis, in which such causes are almost altogether eliminated, the 
remaining aml chief cause of enor will be an error of weighing, due to a want of <lclicacy of the 
balance, and will be of the same uatnrf' a:-; an error of computation, due to the fact that the number 
of decimal places used has been limited. The method of considering such errors is treated by Dr. 
Bremiker, in the preface to his" Tabula J,ogarithmorum Sos. Decimalium," a work to which tlte atten­
tion of chemists ought to be drawn. "\Yhen the law of facility of errors cannot be deduced a priori 
from the com;ideration of tlte causes to wliich it is due, it large number of experimental obsernt­
tions must be made upon a known qnantity in order to find iu what manner the errors vary, or the 
same series of obsen·ations may I.Jc used l.Jotlt to determine what the value of the unknown quan­
tity is and also what the law of the variation of errors is. Tilus, in the method of least squares, h 
is to be deterwined empirically, and the common way of doing· it is to use the actual observations 
by which the unknown quantity is determined to determine also the value of h. In doing this, it 

.should be remembered that a precise and trustworthy determination can only be obtained from a 
large number of obser\atiomi. This procedure amounts, in fact, to adding au additional unknown 
quantit_r, a very ob,·ious fact, and yet one 1Yhicli is habitually overlooked. Encke, in his" Astrouo­
misches J ahrbuch '' for 1834, has ginn the most complete formulre that I ha.·e anywhere found for 
uetermining the Yalue of h, as well as its uncertainty. These formulm require correction on acc0tint 
of the circumstance just mentionecl. They should be as follows: 

\Vhen it is necessary to combine, hy least squares, observations of diil'eren t orders of precisiou, 
they are weighted proportionately to h2• If we have two series of observations, one of which is as 
accurate as you please, and the other as inaccurate as you please, a better result than that which 
the most accurate series of measures gives can always be got by combining witb it the least accu­
rate series, provided the proper weights are gi•en to the two series. This proposition seems para­
doxical, and is not admitted by many very compfltent heads, bnt I cannot see how the conclusion 
can possibly be e\·a<led. It does not depend at all upon any of the peculiar principles induced l.Jy 
the method of least squares, but rests on the fundamental axioms of probabilities. Indeed, it may 
conveniently be based directly upon the principles of logic itself. The least accurate series of 
measures offers certain facts, whiclt may be usetl as premises, and it cannot be that if tilose facts 
are properly used they leave us in greater ignorance than we were before. Additional facts must 
increase our knowledge, if the proper inferences are made from them, and, therefore, an additional 
series of observations, if it have any weight at all, must, if its proper weight be assigned to it, 
improve the value of the unknown quantit,r. On the other hand, when it is considered that there 
is an uncertainty in the value of h, it may be that if the two series of observations differ greatly 
in oocuracy, and the value of his not dt1termined with much precision, it may be better at once to 
take the result of the best series of obserrntions than to combine the two series with the best 
weights that we are able to giw. 
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Let-
xi be the value from any set of observations; 
e; the mean error of this set ; 

gi e1 the mean error of •1 ; 

w1 the true weight ; 
E the mean error of weight one; and 
x the trul_y weighted mean. 

x = !~(wi xi) 
.!'iwi 

The best approximation we ca.n get to ;x: will be subject to two kinds of error: first, those arising 
from errors of x;; anu, secondly, those arhiing from errors in our assnnrn<l >alnes of e1, from which 
we derive w; b;y the formula, 

The mean error of ~' will he w,2 g," 

Then we have-

W2 

D "2 x = .!'i \\\ 

•2 = .!'1 cx~,-.x)2 wi2 g12 + .!'i ( ,w; )2 c,2 =; (x1 - ~~~2-~1;±__E2 l', ~; 
-;\\; -1Wi (-i'\1) 

These are the two common rules by which: may be calculated. Call thefr results,/ antl s", so that­
E 

~' = v~t~-w~ 

211 = /f0V:fx--;=: x)2 

\/ (m - 1) .!'; W; 

where mis the number of detei;minations. 
The first gives-

If Ill = 2, 

Put w 2 =r, 
W1 

<2 _ .12 + !'i (xi - x)2 W12 g 1
2 

- - - - (.r;wy--· 

(X1-X) = X1 

£2 = e'' + (1 ~z r)4 (g12 + gl) (X1 - X2)2 

112 W1 W2 )2 r )2 
" = {Wr + W2)2 (Xi -X2 = (1 + r)2 (X1 -X2 

ez _ e' 2 + __ r_ (g 2 + g 2) E" 2 
- (1 + r)2 I ~ 
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Now, suppose 2
2 < ,/ < :/; then r < 1; tlw11-

But-

:" / "'2 + 11 ~-rl' (g12 + g/) ,112 

---

cl = '1 -•J \Y; ~ \\2 "-- \/] ~ I'= -: -.Jj ~ r 
_12 ___ 2 l 

--1 l+ 

r 

l+r 

]' 

+ ]• 

-·/ 1' )~ l' {ol.! + :!;/) ~112 
- J +I' 1 ·+ 1-' ,,__ -

~;; 2 (1 + r) > (;.!1
2 

-{- i0/I 

r ~~ 1 c(1+11 -· (g1! + g/) 

Unless thi:s condition is satisfied, the comhiuatiou is worse than the bet-it determiuatio11. 
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It is generally admitted that m1 being the n1m1ller of observations from which 2; Las lwen 
determined, 

'l'hen the couuitiou it-i-

or we may write-

or-

or we ma,\· write-
) 2 ( . )"' 

(X1 - X + X2 - X -
---;;t-- ---~-:;-

--~--1- ----1---------
-.; ·+ - ., 
C E2~ 

< --1<1" 
1- l 
--· + 
lll 1 llli 

H. Ex. 1 U--'...!7 
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::-iomP wria·rs upou the sul\jcct ha n• wished to assign a s111alle1· weight to those observations 
which lliffrr lal'gely from the mean than to those wliich come close to it. Tlw,r have i·easoned as 
if Ii, or the pr(\cision of au oliser,·atiou, were so11wtliiug '.rhieh lwlonged to a single observation; 
whereas, iu fact, it is a statistical qnautit,y altogether, and belongs 011l_y to an observation as a mem­
l1er of a C('rtain series. "\Ye may ha\·e a large series of 01Jsern1tiou;i for w11icll h has a certain 
value, aml those ohscr\"atious may perhaps !Je S('pa.rated into two serins ou some principle or other 
for whic11 h slmll lm,·e two (liffercut Yalues, and if this can he <lone there i;,; an a(l\'antage iu doing 
it. His, in fad, limiting olll' univen;c. Iu prolmhilities generally his a rne:in or probable quantity 
for ll l:'eri('R of observations, antl if we can (1iYiilo our uni \·crsc into two parts, getting different., 
YalueR uf h, it will he au iu<•.rease of kuowlellgc to llu so. For example, suppol:le that some of the· 
oh1wn·atio11i4 were taken under 011e Rd or eireum:-;tancL'S aud tlrn rest nndl·r auotl1cr set of circnm­
stancl'i'<. Tlrnt. wouhl afford a principle npoa \Yltich tlto olwe1Tations could uc di,;tinguishell, and 
if tl1t~ value of h for the two Ket" tume1l out ditfl'J'ent, it, would he m1 atl\'autagc to separate them 
a111l to gi\'c them different. \veig·lJts. :-;ow, tLe (}(>gree or disconlance of' o!JRen·ations from the most 
pl'ohahlc Ya1ne of the 1111knowu quanlily may be 1Hkcu a::; a mean;; of er;ti11fating the relatiYe 
d('gTPe8 of carP, &.c., 11:-ed iu maldug them, aud e:;o io discriminate l1l'tween them. But it would 
•'1•rtai11ly lie n·ry absmd to allow 110 wcig·ltt to the fact that we lia.yc cmleanH'ed to make them all 
with equal care. 1 t. rnui:;t 11eYcr lie forgotten that It is a statistical qrnrntity; 1101, 011e which belongs 
to a 8ingle ohseryatio11, hut one •d1ich lwlongs to a11 intinitc series of olmcrn1tious. 

lt is eutircly iu acconlaucr with the meLhocl of least i-;qnarcR to r<;ject discordant obsenations, 
a11d ihi8 has al" ays bc·eu doue, cwcn hs those who object to au exact ciiieriou for determining wliat 
obst'nation8 sl1011hl lie n:i!'dc;l. For exa111pl<>, l\lr. tHaishcr sayi:; that no observation should be 
n•jedPtl excPptillg oll\-ions llli:-;take;-;, thtTel1.r admitting Lliat it is vroper sometimes to n:ject obser­
Yatio11s, am1 uobrn1,r i;;; morn oppo;;;1·d to the n:jl'dion of ob::;en-atio11s than lH•. Hut; no line of de­
markaLiou can he dra\1·11 lwt\\'eeu uii>-take;; which am 011\ious and mistakes which are not ob\'ious. 
I u some emwi-; it may he o!J\·ions that;.:;;; lwl'l bel'n written hy the reconh·r instcml of 3J. Ju otlter 
ca:'l.e>8 it rna~- lie doubtful \rlH\thel' iL ongltt io be called a.11 o!J\·ious mistake or whether there may be 
some doubt hanging OH\J' it, a11d tl1ere i:,;ernry gnvlcof' probability, from the greatest to the least; and 
wlwn \\'(' (•xamiuo iuto tlle facts of olJscrvation, and do not at,tcmpt to make our way through a 
Yacuons space of pure theory, 1t will be fonnd tlmt the occ~isional rPjectiou of observations is justi­
fied from L'Yery point of Yi('\\'; aud if ol>servations are to ht• rcjectetl, cx:wt, criteria are neccssar:v to 
tid<~rrnine upon principle;; of pro!Jabilities in what cases the,v shoultl lJo n'.jt•cte<1. The criterion of 
l'rofe1>s01· l'ein·e is t.lle ouly one wliich conforms rigidly to tl1osc principles, and, indeed, I am not 
aware that it has hcen att.ad\.••ll npou tuc ground of not confornii11g to the priueiplcs of probabili­
ties, althong;h it has lJeea attacked 011 the grounu that 110 sneh criterion i;honlll ue ui;cd, and that no 
ohserration sl10111'1 l.1c 1'!'.iccte1l cx.cepL upon principleR or guesswork, for that is what it amounts to 
to sa.v that 11011c hut ohdou,; rnistakes.i;houltl lie rejrcted. l'~xpericncc has shown that the errors 
which tliis •·rifrrio11 n:kd::; are almost precisely those w1tid1 a person of sonu<l judgment woultl 
pro11omiee to he oll\ ioni-; 111if;tal,e:-<, hut, some other crlfrria lHn-t~ 11cen prnposed, which are confess­
edly i1wxae(, l1u( Whil·Ji llil\'C tl1e alhantagc Of iiffohing Je8S calculation, but these arc llO better 
than the miai(k'<l jllllg11wuL of au experienced person, aIHl in some cases not RO good. 

Aeco1111t of the c.ipcrimcnls. 

Tl1e8e <>xpc~ri111P11!R were made in or<for to study the distribution of errors in the observation of 
a pheuomcuo11 not i;:t•en coming 011, as in the case of a transit, but sudden, as in the case of the 
mner8iou of' a star from l1ehi11d Uie moon. The time was noted upon a Hipp chronoscope, which 
is a modification of au i11nmtion of 1Yheatstonc'8. The train of clock-work moYcd by weight is 
rt'gulatetl uy the Yibration of a little spring or reed striking against a toothed wheel 11 thousand 
times it second. There are two liandR, one of which marks tenths of a second, and the other thou­
Randtlis of a secon<l. These h:u1tls arc thrown into gear when the first event occurs, and out of 
gear when the srcou<l event occurs, so that. the amount that they hiwc moved measures the inter­
Yal. 'fhc manner in whicli they arc thrown iu mul out of gear is tl1is: The axis of one of the 
\\heel>; of the main train iR Jrn11g, and the axis of one of the wheels of the l1and-gearing passes 
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completely through it and come>< out behind, where it rests upon a spring-, "·ltich spring is influenced 
by an electro-magnet. There are tl>o crown-\Yltcels, one upon the hollow axis belonging to the 
main train alrcad;r mentioned, the other facing it at a yery small distance from it, aiHl Jixed in posi­
tion and upon the axis of' the wl1ccl licl011gi11g lo the hand-gearing, which moves lmdnYard :imf 
forward inside, and the otlwr axis as descrilwcl. 'I'lie1·c is a little arm, which will catd1 in tl1e teeth 
of one or other of thPse crmYn-wlH•cls. J)pforc tlte first eYcnt it is in the teeth of tbc fixNl crown­
whecl, which thus preycnts tl1e handti from tumil1g rouud. \\rheu ihe first event occHrs this arm 
is thrown forward into the teeth of th6 rapidly rotating crown-wheel, and tllus tlw l1awls licgin to 
tnrn round. \Vhen tl1e second e1ent occurs the arm is thrown in1o lite teet11 of the Jirst. crown­
wlteel, and so tlle harnls are su<l<lcnl,y Rtopped. 

It will he ohRt'tTl'll that although tlw i11Rtnmie11t only n~gis\1•r;-; 1o tl10nsarnltlts of' a s1•1·0111l, ~·!'( 

if an e1cnt can be repeated many tim('R "·itli a Yal'iation of time rnneh sma1ler tlian that, the i11strn­
ment ought, theoretieally, iu the nwan of a lrlrge nnmber of obsen·atio11s, to giY11 a rnnch closer 
result than 0.001 secoml; for \\hen the first en·ut ocenrs, all(l tltc arm i,.; thrown intn the moying­
crown-whecl, it probably °\°\"ill not Rtrike exactly in any catch, but wilt strike on th1.· inclined side of a 
tootl1. If it, sLrilrns m1 tlw forwar1l i-;i1le of 1.lw tooth, U11• ha1111s \\ill he 1'.arri1•1l f'm·\\·anl l'Y 1.l1e 
fraction of a thonsan<Hh of a sceo11<l more as the arm gfolPs down tl1is ;;itl1· to tlw hottom of tlH• 
catell. nut if it strikes on the back sille of the tonth, the liarn1s will hP earrie1l rf•l:ttin•ly back the 
fraction of tlw thou;;amlth part or a sec01ul a:'l the arm g-ii(ll's ba;:k to Hie bottom of the c:ttcl1. 
Now; if thf' top of the tooth i,; mi1l'1'ay lwt.we('ll tltP bottom of two catdies, it i.-.; Pqnall~- lila•ly 
to be carrieu fonyan1 or back. 'I'l1e .same thing- occnrn \rl1P11 tlic r->ecornl cn•nt happe11s a11d thl' :in 11 
strikes upon the fixed crown-wheel. An error in tltcmarkl:'tl i11tP1Tal will tlins result, whic11error111a~· 
amount to -0.001 SPCOtH1 i11 tlie PxtrcnH', or to + 0.001 RC'('Ollt1, arnl an;; mw PtTnr llPhn•1•11 'iliPs1· lirniis 
is as likely as a11y other; eonseqni:ntly, the;;c' errorR, l1ci11g eutircl,Y i11ci11entnl aml in1lepemh'11t of 
one another, they will l.ialan<'e one another in the 111c•an of a large nnmbPr of" obsc•1Tatious, arnl thns 
a much Lighcr deg-rC'e of ac~cnracy may be reacl11·tl. This, Jiowc·n~r, i-.; a 111atter \rl1i.-11 lias 110 i11· 
tluence on the experiments which ·1 lrnn• rnarle, inasmnch as the i nterntl 11H:asnre1l b~- me was a 
\ 7 ariable one, aml i11 point o( fact T 11a Ye llf'Yf'r lH'f'll a hle to ma kt' the instrmm•u t work "ith snl'l1 11 iet•ty 
as to measure much c1osc1· than 0.001 Rl'Coml. I 11 the tlef<criptio11s of this instrnmcnt \Yliid1 l han~ 
seen, only two instrumental correctionR h:.ffe hrc•n 111entio1wd; one is owing to the ratl' with wlti('h 
the iustrumen t goes, and the other is ". i th ref1'1'Cll('e to the time occuvi1•1 l hy tllC' arm i 11 pa8siug· 
from one crown-wheel to tlw ot.lH•t\ 'I'o 1leterminf' tlwse two conRtants, a littll! ap)laratn-.; a1·1·omp:w it•,.; 
the instrument, by which tl1e time of thr, fall of a hall from diffl•n'Ht heig'11ts may hP rt'gi:4l't"C'tl, and 
by registering the time from two <lifl'ere11l lieiglt!ti tliesl' bH1 COtTf'etiou.;;, n11P of wllielt iR propor­
tional to the time antl the other is a constant, m:1y lH~ dPter111iw•11. 'l'ile ball is 1H"l1l ill a pair of 
jaws; when these .i<tws sepantte, the contact. is broken, the lrn1uh; lwgin to rnove, an•l the hall heg-i11;; 
to fall. Care shonlcl be taken that the ball is so slllall that tlte jaws cannot be S('Jl<lt"atPd for an~­
appreciable time before the hall is f'ret1 to fall, but if Hw spring with wl1ich thr•y npc11 is sulllciently 
strong the ball may fall freely from the very lirst. .At the bottom tlw linll l'trikP». 11p1111 a platform 
made of wood an1l eo\·ere<l with green cloth, and it thro\YS tlti1-1 platform <lown npon two metallic 
springs below it, throngh wlliclt contact j,.; matle again, so 1l1at. thP hand stop,;, ai:d tllf'11 tl1e plat­
form is held down by a catch. 

As tlie instrument came from the urnkers it was found t11at wl1eu the hnll ~trnck upon t11e plat­
form it threw one of the i-prings uown, so that tbe contact was made, and tlie11 i 111nwlliatPl,\· i11t~·rr11ptl'd 
before there was time for the hand to stop, so that a sligl1t enol' of a.bout 0.001 SP<~o111l aro,,Pi11 tl1i,.; 
way. This was usually corrected by putting IittlP wootkn we1lgc·s bnlf'a.th the"c sp!·iug-s, so tlrnt 
they could not be thrown clown in this way. In onkr forth er to test t1w inf'tmnwnt, I m:1t11• use 
of a break-circuit chronometm·, and rneasnretl the int:ern1I of two seconds upon the instrn11w11t for 
this purpose. lt was neccs!'lary to employ two telcgrapl1-rqwaters. ~'hen• are t\Yo w:1y" in 'rl1ich 
this can be arranged, so as to correct a, break-circuit chrononwh•r with a Hipp chrn1w-;cop1·. l t is 
sufficient to uesc1·ihe 011e of tl1em. 'I'he arrangement is !"IJOw11 in the aceompanying tigm·p: 

Bat.: is the battery; Ch., the ehronoscope; Ohr., the chronometl'J'; H., a re;;istance roil; 
and I and II, two telegrapll-rl"peaters. I is a common teleg-rapl1-rcpeater, witlt the uon­
eonducting screw so far raised that when the armature once fties up the magnet eannot bring it 
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down again. Fis the magnet end of this repeater; B, the end at the second circuit. 'Vhen the first cir­
cuit is broken the armature flies up and instantly breaks the second circuit. II is arranged differ­
ently from common repeaters. As long as there is a current through the first circuit and the arm­
ature is held down, there is no connection in the second circuit. ·when the first circuit is broken, 
the armatme, under the influence of a very strong spring, flies up for a dir-tance of a tenth of a mil­
limeter, and there makes the connection in the second circuit. 

This repeatkir cm1 be extemporized ont of a common rela,y. The resistance-coil slwuld al wa_}'S Le 
used in connection with the chronoscope in such a way that when the circuit is broken in the first 
place the current sliall be so weak as just to be able to hold the hands still, while when it is made 
again the current shall be so strong as to make the circuit as quickly as possible. ' 

Th~ rate as given hy the break-circuit chronometer did not agree with that found by the fall­
apparatus, aml indeed there was a slight tfo;crepaucy in the rate giYeu by the latter for different 
heights of fall. Professor J.E. OliYer suggested to me that this discrepancy was due to a retanla­
tion of the instrumeut when the hands were geared iu, wllich took place somewhat gradually, and I 
found that this was the case, and that the ear conlJ detect ill at wlieu the hands were geared in, during 
tlle space of three-fonrths of a second, the note produced l1y the vibration of tlie recd was lowered 
about the sixth of a tone. The supposition that this took place uniformly sufficiently accounteJ for all 
the discrepancy, and this gaYe me two more instrumental constants, vi7.: the amount of retardation 
on gearing in the hands, and tile time during whieh tliat retardation was brought about. "\Yith this 
instrument as well as with the other chronometer I matlc a large number of experiments upon the 
time occnpictl in answering signals of various kinds, such as the emission of points upon paper 
from behind a screen, the appearance of induction-sparks from a ltuhmkorff coil, ilasiles of light 
thrown upon a screen, sudden changes from one magic-lantern flgurn to another, &c., the ge1wral 
result of which was to conlirm the facts already iu our possession, aHd which arc due to the 
researches of l:lirsch, Daumbusch, and others. But there was one series of experiments whicl1 
deserves particular description. I employed a young man about eighteen years of ag0, who had 
had no preYious f'xperience whatever in obr-crvations, to answer a-signal consisting of a sharp sound 
like a rap, tlie airnwer being maile upon a telegraph-operator's key nicely adjusted. l<'ive hundred 
ohseryations were made on eyery week-day during a month, twenty-four day8' ohsen-ations in all. 
The results are given in the aecompanyiug tal11e1 aml arc also shown upon plate No. 27. On this 
plate the ahscissai n•present the interyal of time between the signal and the answer as indicated 
on the Hipp chronoscopc, tlrn ordinates measure the number of obseryations, which were subject 
to a large amount of error. The curve h:rn, howernr, not been plotted directly.from the observa­
tions, but after they lmvc been smoothed off hy the addition of adjacent numbers in the table eight 
timeR OYer, so as to dimiuish the irregularities of the cun·c. 'l'hc smoother curve on the figures is 
a mean cun-e for every day drawn by e;ye so as to eliminate the irregularities entirely. It was found 
that after the first two or three days the cnrn'I differed yery little from that dcriYed from the the­
ory of least squareR. It will be noticed. tbat on the first da,y, ·when the observer was entirely inex­
perienced, the observations scattered to such an extent that 1 have been obliged to draw the cun·e 
upon a different scale from that adopted for the other days. It will also be seen tbat tile personal 
equation from tlie mean amount by which t]ie answer came too late rapidly decreased for the firRt 
fi'rn days, un~il it ivas about one seventh of a second, and that it. then gradually increased until 
the twelfth day, when it amountetl to about O.:.l:.! seconds. l~ut while the personal equation was 
thns first diminishing and afterward increasing, the probable error or range of errors was con­
stantly decreasing after the twelfth day. There was some variation in the personal equation, but 
not much, but the ra11ge of errors continually decreased as long as the observations lasted, and so 
remarkably that for the twenty-fourth day tlie probable error docs not exceed one-eightieth of a 
second. I think that this clearly ilemonstratcs the value of such practice in training tlie nerves 
for observation, for it-can liardly be supposed that the best obscner has so small a range of error 
as this, and I would therefore recommend that transit-observers be kept in constant training b;y 
m<'nns of some observations of an artificial event which can be repeated with rapidity, so that 
RC\·eral hundred can be taken daily without great labor, and I do not think that it is essential that 
these observations should very closely imitate the transit of a star over wireR> inasmuch as it is the 
general condition of the nerves which it is important to keep in training more ~ban anything pecu­
liar to this or that kind of observation. 
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