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APPENDIX No. 21.
ON THE THEORY OF ERRORS OF OBSERVATIONS, BY ASSISTANT C. . PEIRCE.

The ohject of this paper is to give a general account of the theory of errors of observations,
with the design of showing what the limitations to the applicability of the method of least squares
are, and what course is to be pursued when that method fails. We shall begin with an elementary
account of the general principles of the subject, in order to state them with a little more aceuracy
than is commonly done.

The notation employed is one which bas been snggested by the study of the logie of relations.
Small Roman letters will denote objects partly indeterminate. Thus m may denote a man, without
saying what man. Small Italics will be used for relative terms; thus I may denote a lover. The
correlates of such relative terms will be written after them on the same line; thus ¢m or {m may
denote a tooth of a man or a lover of a man, if m denotes man, ¢ a tooth of and I a lover of some-
thing undetermined. Then,lw will denote o lover of a woman, it being indeterminate what lover
and what woman. f[!w will denotea tooth of a lover of a woman. If we wish to denote that which
is a lover of all women, we must have a symbol to denote all women. As [x]is commonly used in
the method of least squares to denote the sum of all the quantities x, so we may write [w] to denote
all women, and then ! {w] will denote something which is a lover of all women, or we may write the
same thing thus, I". A relative term has a double indeterminacy, being indeterminate in reference to
therelateand alsoinreference to the correlate. Alover may be thislover,thatlover, orthe other lover,
and each of these may beloverof this, or that, or the other. Corresponding, therefore, to the [1], which

denotes all lovers, we may write { l ;— to denote the lover to whomever he is a lover. Thus, { l }W

will denote a lover of nothing but women, or we may wrife the same thing thus, ‘s, We may
denote “‘loved by ” by I'".

Corresponding to any absolute term, as man, there is a relative term, ‘“ maun that is,” as in the
expression ¢ & man that is rich,” I shall denote a relative of this sort by the symbol for the abso-
lute term, with an inverted comma after it, as m. Thus, if b denotes anything black, m b will
denote a man that is black.

Let V be the relative ¢ a general name which is applicable to.” Thus, Vm will denote a gen-
eral term which is applicable to some man. V™ will denote a general term which is applicable to
every man, V= V= will be a general term which is applicable to every man and to every woman.
K V[V= V] will denote that to which every general term is applicable which is applicable to
every man and to every woman; in other words, this denotes either a man or a woman. I shall
write this for short m + w.. -

. Zero is defined by the general equation x - 0 = x, whatever x may be. Then, zero generally
denotes nothing.

Unity is defined Ly the general equation x, 1 = x, whatever x may be, and then 1 generally
will denote anything.

But 1 and O have sometimes to be interpreted as relative terms, Now, it can be proved by the
principles of the logic of relatives that so considered 0= = 0, unless x = 0, when 0° = 1; and that
1x =1, unless £ = 0, when 10 = 0. It follows that 0* is such a logical function* of x that it signi-
fies “ the case of the non-existence of,” while 1x is such a logical function of « that it signifies ¢ tha

case of the existence of.”

* A roathematical function of «,such as ¢, is something whose value is obtained by mathematical processes when
x is given. A logical function of x, of which we have, as common examples, letters with a subscript z, as P,, is something
whese siguification is logically deducible when the signification of x is known.
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5 ., [m
Since [mn] denotes all men, we may naturally write [—ﬁ] to denote what all men become when that
factor is removed which makes [m] refer to men rather than to anything else; that is to say, to de-

note the number of men. We may write this for short [m] with heavy brackets. Then ¢ being

arelative term, (“a tooth of,”) by [t 1] will be denoted the total number of teeth in the universe.

But [t] will be used as equivalent to [e1] or the average number of teeth that anything has.

But “anything ” is not to be taken here in an absolute sense.  We always limit onr considerations
entirely to a certain class. As De Morgan expresses it, we always have a limited universe. When
we reckon up the number of all things to find the average number of tecth per thing, it wounld be
absurd to count among things the virtues, shades of ecolor, days or seconds of time. Anything
which belongs to the limited universe under consideration is called, in the theory of probabilities, an

¥
event. An expression like [ t] , where ¢ is a relative term, is termed a relative nnmber, average

number, or probable number. If the relative terin to which the average number refers is one of
those relatives which are formed by adding a conrma to the symbol for an absolate term, as m, then

the relative number is called a probalbility. For example, [m,] is the average number of men

that anything is, but it is usually called the probability that anything is a man.

The importance of average numbers arises from the fact that all our knowledge really consists
of nothing but average numbers ; for all our knowledge is derived from induction, and its analogue,
bypothesis. Now, the scientific conduct of this kind of reasoning is highly complex, becaunse all
sorts of precautions have to be attended to, and it has to be accompanied by a great deal of de-
duction, Dat the general nature of induetion is everywhere the same, and is completely typified
in the following example. From a bag of mixed black and white beans 1 take out a handful, and
count the number of Llack and the number of white beans, and T assume that the black and white
are pearly in the same ratio throughout the bag. If I am in error in this conclusion, it is an error’
which a repetition of the same process must tend to rectify. It is, therefore, a valid inference.
But it clearly teaches me nothing in reference to the color of any particular bean. Of that I am
as ignorant as before. The case is not in the least altered if I find all the beans of my handful to
be black, or all to be white. I can still infer only the approximate general ratio, and it is only this
I express when I say the observation makes the probability of any one bean being white or being
black very great ; for a probability is itself only an average number. At first thought it is hard
to admit this; but the difficulty will be in great measure removed if we consider how it is that
the knowledge of average numbers becomes useful in particular cases. Suppose we know the rel-
ative number of black beans in a certain bag; then,if we draw a large number of beans out of it,
we know that the total number of black beans we shall draw will be equal to the number of draw-
ings multiplied by the average number of beans in the bag. Suppose we know the relative num-
bers of Llack beans in a large number of bags, containing different proportions; then, if the beans
are well mixed up in each, we may only draw a single bean frowp each, and yet we can predict nearly
the total number of black beans which would be drawn by simply taking the sum of the relative
numbers. If the black beans had a value while the white ones were worthless, then the total
number of black beans which would be drawn would be the important thing to know. DButas
knowledge derives its practical importance from its inflaence upon our conduct, let us suppose that
at every drawing we have our choice between two bags to draw from; then the man who knew the
relative number of black beans in every bag would act in every case as though the bean he would
draw from the bag which contained the larger proportion of black ones were knowu to be black,
and as though the bean he would draw from the other were certainl y white. Strictly speaking, he
would know nothing about the beans that would be drawn in the particular case, but he would
have a knowledge which would be so far equivalent to that that it would influence his conduet in

H. Ex. 112 26
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the particular case. This is the only knowledge we ever have, a knowledge of what assumption
to make in the particular case in order to do the best in the long run. Whenever, then, we have
to do with a value, the sum-total of which in the long run is the only thing which concerns us, the
average amount of it is important to be known; but in all other cases the average numbers are of
no consequence. . :

It is evident that in the example just given it would be a valuable increase of knowledge to
know, for instance, what the difference in the relative number of black beans at the top and bottom
of a Dag was, and any limitation of the ¢ universe” used which shonld separate a relative number
into two different ones would be advantageous. ",

There are many problems in probabilities, which, being solved, give a relative number com-
posed of two terms, one known and the other unknown. Such an indeterminate result shows that
a wider ‘“ universe” must be adopted for one of the terms of the relative number,

The fundamental arithmetical formulie relating to relative numbers are as follows :

We have seen that the relative number of things that are men, or the probability that a thing

is a man, is equal to - By “thing " here is meant any object of our limited universe, as,

for example, an animal. But we may wish to consider the relative number of animals that are
men when our limited universe is a wider class than animal. In this case, a denoting an animal,

. . - m,_ a ) . . .
we write this probability [ l;‘ I ]. Let us suppose that, our universe being ¢ day,” we wish to know

the probability that if it thunders on any day it will rain on that day. To say that if it thunders
1t will rain on the same day is the same as to say that every day on which it thunders is a day on
which it rains. Then let t be a day on which it thuuders and r a day on which it rains, and the

{t. r]

probability in question is G In general, the probability that if one event happens another

will happen is equal to the probability that both will happen, divided by the probability that the
first will happen.

Let us now see how to express the probability that a certain quantity will have a certain
value. It is clearly implied that the quantity is defined in some other way than by its value, It
"might be, for instance, the length of time a bird will be on wing. Let x be this quantity, and let n
[x, 1]
[x
that value, divided by the whole number of cases of a bird’s flying, is the probability that a bird
will fly for that length of time. But since time is continuons, the length of time a bird may be
up may have an infinite number of different values. Consequently, the probability of any one is
zero. 'We, therefore, seek the probability that the time lies between nandn 4+ o n; andif A n
is infinitesimal, (say d p,) then the probability is proportional to d n. We may, therefore, write this

probability thus, [ny ] d n. Here n, denotes the case of the value of x being about n.

The probability that if one quantity, x, has a value lying between m and m + d m, then
ancther quantity, y, has a value lying between n and n + d n, will, acecording to what has been said,
be equal to the probability that both x and y will have the supposed values, divided by the proba-
[my, ny;Jdm.dn

myjdm

be any definite value. Then , or the number of cases in which the time a bird is fiying has

bility that & will have the supposed value, or will be ,or,since the d m disappeared

by cancellation, [@ﬁ%‘:}l}y] dn.

Given, the probability of A, the probability of B, and the probability that if A hﬁppens, B
happens. Required, the probability that if B happens, A happens.

The probability of A is [A].

The probability of B is [B].

The probability that if A then Bis iég}il
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The probability that if B then A is [éfle'
Then we have—
A Bl _[A DBJ .
By = (A XAl IE]
or the probability, if B happens that A happens, is equal to the probability if A happens that B
happens, multiplied by the probability of A and divided by the probability of B.

We now pass to the theory of observations. An observation gives us the value of a cer-
tain quantity which is connected with an unknown guantity in such a way as to be partly depend-
ent on the latter value, and partly on accidental circumstances, not eapable of being separately
taken account of.

These accidental variations are, however, in all cases subject to a statistical law, so that (obser-
vations of a certain kind forming the limited universe, X being the unknown quantity, = the quan-

tity observed) the quantity,

or the probability that if the unknown quantity X has a certain value x, then the observed guan-
tity £ will have a value between £ and ¢ + d&, is & certain arithmetical function of the values £ and
x. If we write = for £ — x, or the error of observation, then we may put ¢ for such a function that—

[*[“):‘%'ll = ¢ (5 X)

The special form of the function ¢ is called the law of the facility of the errors. Except so far
as this law is known, an observation can afford us no information whatever. The following condi-
tions are invariably fulfilled by this function. (It munst be understood that only real quantities
are considered.)

1. It has but one value for each set of valuesof its variables.

2. 1ts value is always positive and less than unity.

3. It vanishes when ¢ is infinite.

4. Its integral relatively to « from — o to 4 oo is always unity.

Beyond this the form of the funetion is determined by the peculiarities of the kind of obser-
vations. .

The probability that if the observed quantity = has the value &, then the unknown quantity X
has the value x is—

[xxr ES]
Fa
The value of this probability is for any particular kind of observations an arithmetical function
of ¢ and &, which we may write v (s, &) de.

The probability that the unknown quantity X has the value z withont reference to observa-
tion is [#y]de, This is in any case a funection of x, which may be written ¥z . dw.

The probability that the quantity given by observation Z has the value £, without reference to
the value of the unknown quantity, is [§5] d4. This an arithmetical function of £, which may be
oz . d&.

If 9%, ¥x, and ¢ (¢, X) are given, then we can obtain v (s, §) thus:

v o5 =255

Suppose a number of independent observations to be made. Then we shall have a series of

functions—
¢1(e1y X) P&

#2 (o2, ¥) D, 5
¢3{esy X) ;&

&e. &e,
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then the probability that if the qunautities observed have the values £, &, &;, &e., the unknown
quantity X has the value « will be—

wx . ¢1 (214 X) . y (€29 X) @3(e X) L &e.

= . =
¢ 5 [ 2% L

< 7 @ilen X)
UL

The probability ¥z. dr antecedent to «ll observations will be simply da, and, therefore, the-
factor ¥z may be omitted in the above expression.

It will be perceived that observation never gives us to know a number expressing the value of
the unknown quantity, but only a function expressing the probability of each value. 1t happens,
lhowever, in a very comprehensive case, that this function assumes a form which involves bat two
constants, so that in this case obscrvation may be said to give us two numbers, a value for the
unknown quantity, and the probable error of that value.

Mr. Crofton’s method of considering this cade seems to me to make it more comprehensible
than any other. Suppose that the nnknown quantity X has been observed twice, the values given
by observation being & and 5. Put [£] for £ 4 £ What then is the probability that if « is
the value of X, the sum of the values given by the two observations will be [£]. It is clearly—

+O.’)

f‘f”l (517 -’7) 92 ([f] — ey, w>. dz,

_—D

Developing <;’2<[£] — 51,93‘) by powers of ¢, this integral becomes—

?2([511 m) - ([e], ar>+ﬁ1 @1 (51, :1.') .dg

—
+ o
+%9”2”<[5];m>./51255’1(51750)-(151
—_— 0
.+ o
+’s1~."f2m([Ejv"”)fflssh(suiv)-del—&c.
- CO

If in place of two we have n observations, the probability that the sum of all will be [£] is—

, + o +
0 (1= [ann D+ [ @ Damge)on (1) 2)
—_— 00 —_— OO0
Of these co-efficients—
+ o

fon ()
— 00

is the probable or mean value of the error of the observed quantity—
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is half the probable value of the square of this error, and so on. The probable value of the error
is often less than the probable value of its square, owing to positive and negative errors balancing.
But the co-cfficients which involve the cube and higher powers of the error may often become iun-
significant. This, for example, will be the case if » is very great; for then, in comparison with the
sum of all the errors, the value of any one will be very small. In fact, in this case we may neg-
lect a quantity a certain number of times, say M, larger than what we eould neglect before, and
may take a unit of measurement M times larger. Then if—

(][] [#] e

be the probable value of the error, the error square, the error cube, &e., on the o0ld scale of meas-
ures, their numerical values on the new scale will be— '

(<1, [ (4],
MO A TRE &e.

TR[Z Y
Consequently if M is sufficiently large, the higher eo-efficients may be neglected. It also frequently
happens that the error of each observation is due to the combined effect of a great number of in-
dependent or nearly independent causes, each one of which alone would produce but an insiguifi.
cant effect. In this case, by the same reasoning the higher co-efficients will disappear.

The manner in which sensation and volition are propagated through the nerves is unknown,
bLut it must be by some very complicated process, because it is very slow compared with the rate of
propagation of sound. It is, therefore, probable that there may be variations of the rate of passage,
and that the velocity through each small portion of the whole length of the nerve is to some extent;
independent of the velocity through the other parts. If this is so, the whole time of propagation
would be subject to a variation, the probable values of whose cube and higher powers would be

“insignificant. However this may be, it appears to Le a fact that in all carefully-made observations,
the error of whick is due to the inevitable inaccuracy of the action of the human nerves, the prob-
able values of the cube, &e., of the errors are very small.

Whenever these quantities disappear it can be proved by an analyiical process which need

not be reproduced here that—
h N
(e, x Y=L G -be—E2
“’( ’ ) V5

where h and IS are quantities which depend upon x. We thus reach the fundamental formula of
the method of least squares. )

1t is not the object of this paper to explain that method itself. Only it may be remarked that
in the deduction of it which is usually given, it is assumed that what we wish to obtain from observa-
tions in any case (whether the method of least squares is applicable or not) is the most probable value
of the unknown quantity. This is not the case, for there is but an infinitesimal probability in favor
of any one value. Suppose that the cause of error in observing the place of a star were a nearly
simple oscillation of the image about its mean point. Then the most probable errors would be the
extreme ones., But we should much prefer to assume as the value the probable or mean value
than the most probable value, which would be removed the farthest possible from that value. The
conception of the matter is this. What observation has to teach usis a function, v (¢, £), not a
mere number. But in cases to which the method of least squares is applicable, this function is
completely determined by two numbers, which are the value of the unknown quantity derived from
the application of that method and the value of its probable error.*

It is assumed in treatises on least squares that ©z.d%, or the probability (without regard to
the value of the unknown quantity) that the quantity observed will have a value between £ and
§ + d$, 1s equal to d5. 'When this is not the case it is only necessary to weight each observation
by dividing by #5. '

* The term probable error is here used in its usual but unanalogical sense, and not for the probable value of the
error, which is always assumed to be zero in least squares, or else determined by some special research.
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If the probability of error does not follow that law which the method of least squares snp-
poses, that is to say, if the probability of the error x in the mean of a large number of observations

. h —hiy? . . . .
is not equal to 75 G ™ where h is a constant independent of x, then it must at least be of this

form if h be considered to be a function of x, Now, h? is the weight which has to be assigned to
an observation in the application of the method of least squares; and therefore when this method
does not apply in its unmodified form, it is only necessary to find what funection of x, h must be in
order to give the required law of facility of errors, and {hen proceed according to the method of
least squares, after having weighted each observation by L2 Let the equation which represents -
the facility of error be plotted, the error being taken as abcisswe, and the probability of that -

. . 1 )
error asordinate; then plot on the same diagram the curve y = -; = G, Yt us sappose, then,
VG

that a certain value of x, y, is A times as great for the actual curve of errors as it is for the normal
least-squares curve. Now, if h be increased in the ratio A, the ordinates will be increased in this
same ratio, and the abeissze will be diminished in the inverse ratio so that the area of the curve
is preserved. But if the ordinates at any one point are to be increased in the ratio A, then the
abeissee at that point must be contracted in the inverse raiio, so as to preserve the area; so that

. 1
if we had a function fx such that D ( f x = @ then the probability of this function of the error

would follow the law y = 715 G~ and consequently (D%;)T is the weight which has to be
assigned to any such observation in applying the method of least squares. It will be observed
that since the weight depends on the value of the error, it will be necessary first to make an approx-
imate solution of the problem in order to get an approximate value of the error from which to
determine the weight, so that when the method of least squares is not applicable in its nnmodified
form, an approximate method must necessarily be resorted to.

Let us now proceed to consider the method of ascertaining the law of facility of error. In -
any case, if the error is compounded of an infinite number of infinitely small errors, or approximates
to being so, then the law of facility of errors is of that general forin which the method of least
squares prescribes, and nothing remains indeterminate excepting the value of h. Observation has
sufficiently shown that in transit-observations the law of error is of this sort. I eopy, for example,
from Chauvenet’s Astronomy the following table, faken from Bessel’s “ Fundamenta Astronomix,”
showing the errors made by Bradley in observing Siriug and Proeyon:

i
No. of errors ' No. of errors
Between— by the theory. ; by expcerience.

T |
0,0and 0.1 95 i 94
0.1 and 0.2 89 f &8
0.2 and 0.3 78 i 73
0.3 and 0.4 64 “ 53
0.4and 0.5 50 ‘ 51
0.5and 0.6 36 : 36
0.6 and 0.7 24 | 26
0.7 and 0.8 15 ‘ 14
0.Band 0.9 9 | 10
0.9 and 1.0 5 } 7
Over 1.0 5 } 8

Fechner, in his ¢ I3lemente der Psychophysik,” has, in connection with his psychophysical law,
discussed the applicability of the method to cases of sensation generally such as the estimate of the
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relative weights of two masses, and he finds that if v be the energy of the force which produces
the excitation of any nerve, then if log v be considered as the observed quantity, the errors of the
observed quantity will follow the law of least squares. Strictly speaking, the law of least squares
recognizes the possibility of any error positive or negative, however great, although the probability
of indefinitely great errors will be indefinitely small. It occurred to me that in the case of the
emersion of a star from an occultation, since it was impossible to strike the chronograph-key too
early, while it might be struck indefinitely too late, the law of least squares could hardly apply,
and I have made some experiments upon this point, which I will narrate in detail at the end of this
paper, merely remarking in this place that the divergence from the theoretical law proved to be
insignificant. On the other hand, therc are many cases in which we have no reason to expect that
the errors will vary according to the least-squares curve. Let us consider, for example, a chemical
analysis. Here the error is generally not due to the combined action of a very great number of
very small causes, but, on the contrary, there are generally two or three leading causes of error,
depending uwpon some defect in the theory of the analysis or on some error in the manipulation,
which is likely to result from a single one, such as cannot be regarded as in any way compounded
of a large number of independent parts. Thus, a drop may be spilled or a portion thrown out of
the crucible too small to be detected, but the whole drop is spilled at once, or the whole portion
goes at once. In very exact analysis, in which such causes are almost altogether eliminated, the
remaining and chief cause of error will be an error of weighing, due to a want of delicacy of the
balance, and will be of the same nature as an error of computation, due to the fact that the number
of decimal places used has been limited. The method of considering such errors is treated by Dr.
Bremiker, in the prefaee to his ¢ Tabula Logarithmoram Sex Decimalinm,” a work to which the atten-
tion of chemists ought to bedrawn. When the law of facility of errors eannot be deduced a priori
from the consideration of the caases to which it is due, a large number of experimental observa-
tions must be made upon a known quantity in order to find in what mauner the errors vary, or the
same series of observations may be used both to determine what the value of the unknown quan-
tity is and also what the law of the variation of errors is. Thus, in the method of least squares, h
is to be determined empirically, aud the common way of doing it is to use the actual observations
by which the unknown quantity is determined to determine also the value of h. In doing this, it
should be remembered that a preeise and trustworthy determination can only be obtained from a
large number of observations. This procedure amounts, in fact, to adding an additional unknown
quantity, a very obvious fact, and yet one whick is habitually overlooked. Encke, in his ¢ Astrono-
misches Jahrbuch” for 1834, has given the most complete formulee that I have anywhere found for
determining the value of h, as well as its uncertainty. These formule require correction on account
of the circumstance just mentioned. They should be as follows :

‘When it is necessary to combine, by least squares, observations of different orders of precision,
they are weighted proportionately to h% If we have two series of observations, one of which is as
accurate as you please, and the other as inaccurate as you please, a better result than that which
the most accurate series of measures gives can always be got by combining with it the least accu-
rate series, provided the proper weiglits are given to the two series. This proposition seems para-
doxical, and is not admitted by many very competent heads, but I cannot see how the conclusion
can possibly be evaded. It does not depend at all upon any of the peculiar principles induced by
the method of least squares, but rests on the fundamental axioms of probabilities. Indeed, it may
conveniently be based directly upon the principles of logic itself. The least aceurate series of
measures offers certain facts, which may be used as premises, and it cannot be that if those facts
are properly used they leave us in greater ignorance than we were before. Additional facts must
increase our knowledge, if the proper inferences are made from them, and, therefore, an additional
series of observations, if it have any weight at all, must, if its proper weight be assigned to it,
improve the value of the unknown quantity. On the other hand, when it is considered that there
is an uncertainty in the value of h, it may be that if the two series of observations differ greatly
in accuracy, and the value of h is not determined with much preecision, it may be better at once to
take the result of the best series of observations than to combine the two series with the best
weights that we are able to give,
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Let—

x; be the value from any set of observations;

¢; the mean error of this set;

gi ¢y the mean error of ¢ ;
w; the true weight ;
E the mean error of weight one; and
x the truly weighted mean.

2w X5)

X =
‘Si Wi

'l

The best approximation we can get tox will be subjeet to two kinds of error: first, those arising
from errors of x;; and, secondly, those arising from errors in our assumed values of g, from whiceh
we derive w; by the formula,

EZ
Wi = ?{1;
The mean error of w; will be w2g?
W2
D *y X = Wy

X*-«W—uWX X — X
DW_X: i i 1

(Gwr T w,
Then we have—

EZ_____‘(X—Y) W" “Z+_l )81 :“_jl‘r"x)zwigl +D2E1W
I wy () wy)?

These are the two common rules by which e may be caleulated. Call their results ¢ and ", 80 that-—

Al
e’=~—~_¥ =
v 3w,
1" ~ Wy (Xi"‘;)j

TV m =N
where m is the number of détexminations.
The first gives—
% (% — x) w2 g 3

o2
T ey
Ifm =2,
(X1——~X)=X-1 "—-————~———~WIX1+W2X2__JZ X; ~— Xy
Wi+ Wy Wi+ Wi
_—X = " — X
X2 —X= T (X) — )
2oty WEW? 2 e
ef =gl 7 (1 F wa)t (&2 + 82 (xp — %)
Put 22 =r,
Wy
2. ot r* 2 2y (x, — .\
et +(1+r)4(g1 + 227 (X — x)

1o YV_LEV‘Z;_“'“IWQ X——-YA2=_\/ wlwg__h 5 — x5,
& —\/ (“K+W2) ( 1 3) ( 1 2)
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Now, suppose 2 < ¢* < & thenr < 1; then—

R R o o2 w2y 22
I T(\1+l,)g(al+h.)

But—
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Unless this condition is satisfied, the combination is worse than the best determiunation.
It is gencrally admitted that m; being the number of obscrvations from which = has been
determined,

Then the coudition is—

or we may write—

or—

or we may write—

H. Ex. 11227
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Sowe writers upon the subject huve wished to assign a swaller weight to those observations
which differ largely from the mean than to those which come close to it.  They have reasoned as
if h, or the precision of an observation, were something which belonged to a single observation;
whereas, in fact, it is a statistieal quantity altogether, and belongs ouly o an observation as a mem-
ber of & certain series. We may have a large series of observatious for which h has a certain
value, and those observations may perbaps be separated into two series on some principle or other
for which h shall have two different values, and if this can be done there is an advantage in doing
it. Itis,in faef, limiting our universe. In probabilities generally b is a mean or probable quantity
for a series of observations, and if we can divide our universe into two parts, getting different.
values of Ty it will be an inerease of knowledge to do so.  For example, suppose that some of the
observations were taken under one set of eircumstances and the rest ander another set of circum-
stances.  That would afford a principle upon which the observations could bLe distinguished, and
if the value of h for the two scts turned out different, it would be an advantage to separate them
and to give them different weights.  Now, the degree of discordance of observations from the most
probable value of the unknown quantity may be faken as a means of estimating the relative
degrees of care, &c., used in making them, and so to diseriminate between them. But it would
certainly be very absurd to allow no weight to the fact that we have endeavored to make them all
with equal care. It must never Le forgotten that b is a statistical quantity ; not one which belongs
to a single observation, but one which belongs to an intinite series of obscrvatious.

1t is eutirely in accordance with the method of least squares to reject discordant observations,
and this has always been done, even by those who object to an exact criterion for determining what
observations shounld be rejected.  TFor example, Mr. Glaisher says that no observation should be
rejected excepting obvious mistakes, thereby admitting that it is proper sometimes to reject obser-
cations, and vobody is more opposed {o the rejection of observations than he. But no line of de-
markation cant be driwn between mistalies which are obvious and mistakes which are not obvious.
in some cases ic may be obvious that 53 has been written by the recorder instead of 35, In other
cases it may be doubtful whether it ought to be ealled an obvious mistake or whether there may be
some doubt hanging over it,and there isevery gradeof probability, from the greatest to the least; and
when we examine into the facts of observation, and do not attempt to make our way through a
vacuous space ol pure theory, it will be found that the oceasional rejection of observations is jasti-
tied from every point ol view; and if observations are to be rejected, exact eriteria are necessary to
determine upon prineiples of preobabilities in what cases they should be rejected.  The criterion of
Professor Peirce is the ouly one wbich conforms rigidly to those principles, and, indeed, I am not
aware that it bas been attacked upon the ground of not conforming to the prineiples of probabili-
ties, althongh it has been attacked on the ground that no sueh criterion should be used, and that no
observation shonld he rejected except upon prineiples of guesswork, for that is what it amounts to
to say that none but obvious mistakes.should be rejected. IExperience has shown that the errors
which this eriterion rejects are alinost precisely those which a person of sound judgment would
pronounce to be ohvions mistakes, but some other eriteria have been proposed, which are confess-
edly inexact, hut which have the advantage of involving less calenlation, but these are no better
than the unaided judgment of an experienced person, and in some cases not so good.

Account of the experiments.

These experiments were made in order to study the distribution of errors in the observation of
a phenomenolt not seen coming on, as in the case of a transit, but sudden, as in the case of the
emersion of a star from behind the moon. The time was noted upon a Ilipp chronoscope, which
is a modification of an invention of YWheatstone’s. The train of clock-work moved by weight is
regulated by the vibration of a little spring or reed striking against a toothed wheel a thousand
times a second. There are two hands, one of which marks tenths of a second, and the other thou-
sandths of a second. These hands are thrown info gear when the first event occurs, and out of
gear when the second event occurs, so that the amount that they have moved measures the inter-
-al. The manner in which they are thrown in and out of gear is this: The axis of one of the
wheels of the main train is hung, and the axis of one of the wheels of the hand-gearing passes
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completely through it and comes out behind, where it rests upon a spring, which spring isinflueneed
by an electro-magnet. There are two crown-wheels, one upon the hollow axis belonging to the
main train already mentioned, the other facing it at a very small distance from it, and fixed in posi-
tion and apon the axis of the wheel Lelonging to the hand-gearing, which moves backward and
forward inside, and the other axis as deseribed.  There is a little arm, which will eateh in the teeth
of one or other of these erown-wheels. Defore the first event it is in the teeth of the fixed erown-
wheel, which thus prevents the hands from turning round. "When the first event oceurs this arm
is thrown forward into the teeth of the rapidly rotating erown-wheel, and thus the hands begin to
turn round. When the second event oceurs the arm is thrown into the teeth of the first crown-
wheel, and so the hands are suddenly stopped.

It will be observed that althongh the instrunient only registers 1o thousandihs of a seeond, voet
if an event can be repeated many times with a variation of time much smaller than that, the instru-
ment ought, theoretieally, in the mean of a large number of observations, to give a mueh closer
result than 0.001 second; for when the first event oceurs, and the arm is thrown into the moving
crown-wheel, it probably will not strike exactly in any cateh, but will strike on the inclined side of a
tootlr. If it strikes on the forward side of the tootl; the hands will be earvied forward by tle
fraction of a thousandth of a second more as the arm glides dewn this side to the bottom of the
catel. DBut if it strikes on the back side of the tooth, the hands will be carried relatively back the
fraction of the thousandth part of a second as the arm glides back to the bottom of the cateb.
Now, if the top of the tooth is midway hetween the hottom of two catehes, it is equally likely
to be carried forward or back. Thesame thing oceurs when the second event happens and the arm
strikes upon the fixed erown-wheel. An error in themarked interval will thus result, which error may
amount to —0.001 second in theextreme, or to 4 0.001 secoud, and any one error between these lmits
is as likely as any other; consequently, these errors, heing entirely incidental and independent of
one another, they will balance one another in the mean of a large number of observations, and thus
a much higher degrec of acenracy may be reached. This, however, is a matter which has no in-
fluenee on the experiments whiehl I have made, inasmuch as the interval measared by me was a
variable one, and in point of fact T have never been able to make the instrument work with such nicety
as to measure much closer than 0.001 second. 1n the deseriptions of this instrument which 1 have
seen, only two instrumental corrections have heen mentioned; one is owing to the rate with which
the instrument goes, and the other is with reference to the time oceupied by the arm in passing
from one crown-wheel to the other, To determine these two constants, a little apparatus aceompanies
the instrument, by whieh the time of the fall of a ball from different heighits may be registered, and
by registering the time from two different heights these two correetions, one of which is proporv-
tional to the time and the other is a constant, may be determined.  The ball is held i a pair of
jaws; when these jaws separate, the contact is broken, the bands begin to move, and the ball beging
to fall. Care should be taken that the ball is so small that the jaws cannot be separated for any
appreciable time before the ball is free to fall, hut if the spring with which they open is sulliciently
strong the ball may fall freely from the very first. At the bottom the ball strilkkes upon a platform
made of wood and covered with green eloth, and it throws this platform down npon two metallic
springs below it, through which contact is made again, so that the hand stops, and then the plat-
form is held down by a catch.

As the instrument came from the makers it was found that when the ball stinck upou the plat-
form it threw one of the springs down, so that the contact wasmade, and then immediately interrupted
before there was time for the hand to stop, so that a slight errvor of about 0.001 second arosein this
way. This was usually corrected by putting little wooden wedges bencath these springs, so that
they could not be thrown down in this way. In order further to test the instrument, 1 made use
of a break-cireuit chronometer, and measured the interval of two seconds upon the instrument for
this purpose. It was necessary to employ two telegraph-repeaters. There are two ways in which
this can be arranged, so as to correct a break-circuit chronometer with a Hipp ehrouoscope. It is
sufficient to describe one of them. The arrangement is shown in the accompanying figure:

Bat. is the battery; Ch., the chronoscope; Chr., the chronometer; R., a resistance-coil;
and I and II, two telegraph.repeaters. I is a eommon telegraph-repeater, with the non-
conducting screw so far raised that when the armature cnce flies up the magnet cannot bring it
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down again. I isthe magnet end of thisrepeater; B,the end at the second cirenit. When thefirst cir-
cuit is broken the armature flics up and instantly breaks the second circuit. 11 is arranged differ-
ently from common repeaters. As long as there is a current through the first circuit and the arm-
ature is held down, there is no connection in the second cireuit. When the first circuit is broken,
the armature, under the inflnence of a very strong spring, flies up for a distance of a tenth of a mil-
limeter, and there makes the connection in the second eireuit.

This repeater can be extemporized out of a common relay. = The resistance-coil should always be
used in eonnection with the chronoscope in such a way that when the cireuit is broken in the first
place the current shall be so weak as just to be able to hold the hands still, while when it is made
again the current shall be so strong as to make the circuit as quickly as posmble.

The rate as given by the break-circuit chronometer did not agree with that found by the fall-
apparatus, and indeed there was a slight diserepancy in the rate given by the latter for different
heights of fall. Professor J. E. Oliver suggested to me that this discrepancy was due to a retarda-
tion of the instrument when the hands were geared in, which took place somewhat gradually, and I
found that this was the case,and that the ear counld deteet that when the hands were geared in, during
the space of three-fourths of a second, the note produced by the vibration of the reed was lowered
about the sixth of atone. The supposition that this took place uniformly sufficiently accounted for all
the discrepaney, and this gave me two wore instrumental constants, viz: the amount of retardation
on gearing in the hands, and the time during which that retardation was brought about. With this
instrument as well as with the other chronometer I made a large number of experiments upon the
time occupied in answering signals of various kinds, such as the emission of points upon paper
from behind a screen, the appearance of induction-sparks from a Ruhmkorff coil, flashes of light
thrown upon a screen, sudden changes {rom one magic-lantern figure to another, &e., the general
result of which was to confirmn the facts already in our possession, and which arc due to the
researches of Hirsch, Daumbusch, and others. DBut there was onc series of experiments which
deserves particular description. I employed a young man about eighteen years of age, who had
hrad no previous experience whatever in observations, to answer asignal consisting of a sharp sound
like a rap, the answer being made upon a telegraph-operator’s key nicely adjusted. Ifive hundred
observations were made on every week-day during a month, twenty-four days’ observations in all.
The results are given in the accompanying table, and are also shown upon plate No. 27,  On this
plate the absciss® represent the interval of time between the signal and the answer as indicated
on the Hipp chronoscope, the ordinates measure the number of observations, which were subject
to a large amount of error. The curve has, however, not been plotted directly from the observa-
tions, but after they have been smoothed off by the addition of adjacent numbers in the table eight
times over, so as to diminish the irregnlarities of the curve. The smoother carve on the figures is
a mean curve for every day drawn by eye so as to eliminate the irregularities entirely. It was found
that after the first two or three days the curve differed very little from that derived from the the-
ory of least squares. It will be noticed that on the first day, wlen the observer was entirely inex-
perienced, the observations scattered to such an extent that 1 have been obliged to draw the curve
upon a different scale from that adopted for the other days. It will also be seen that the personal
equation from the mean amount by which the answer came too late rapidly decreased for the first
five days, until it was about one seventh of a second, and that it. then gradually increased until
the twelfth day, when it amounted to about 0.22 seconds, But while the personal equation was
thus first diminishing and afterward increasing, the probable error or range of errors was con-
stantly decreasing after the twelfth day. There was some variation in the personal equation, but
not much, but the range of errors continually deereased as long as the observations lasted, and so
remarkably that for the twenty-fourth day the probable error does not exceed one-eightieth of a
second. I think that this clearly demonstrates the value of such practice in training the nerves
. for observation, for it'ean hardly be supposed that {he best observer has so small a range of error
as thig, and I would therefore recommend that transit-observers be kept in constant training by
means of some observations of an artificial event which can be repeated with rapidity, so that
several hundred ean be taken daily without great labor, and I do not think that it is essential that
these observations should very closely imitate the transit of a star over wires, inasmuch as it is the
general condition of the nerves which it is important to keep in training more than anything pecu-
liar to this or that kind of observation. -
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Details of the experiments.
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